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m-weak group inverses in a ring with involution
Yukun Zhou ∗ , Jianlong Chen † , Mengmeng Zhou ‡
Abstract: In a unitary ring with involution, we prove that each element has at most
one weak group inverse if and only if each idempotent element has a unique weak group
inverse. Furthermore, we define the m-weak group inverse and show some properties of
m-weak group inverse.
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1 Introduction
In 1958, Drazin [4] introduced the definition of the pseudo inverse in rings and semigroups,
which is called the Drazin inverse later. It’s well known that an element is Drazin invertible
if and only if this element is strongly pi-regular. In 2014, Manjunatha Prasad et al. [12]
introduced the core-EP inverse of complex matrices. In 2017, Gao et al. [7] generalized
the core-EP inverse to rings with involution, where an involution a 7→ a∗ is an anti-
isomorphism such that (a+ b)∗ = a∗ + b∗, (ab)∗ = b∗a∗, (a∗)∗ = a for any a, b ∈ R. In the
rest of this paper, we restrict R is a unitary ring with involution.
In 2018, Wang et al. [19] defined weak group inverses of complex matrices. Then,
Zhou et al. [22] generalized the weak group inverses to proper ∗-rings and proved that
each element in a proper ∗-ring has at most one weak group inverse. They gave an
example to show that the weak group inverse of an element may not be unique in R. In
addition, they proved that an element in a proper ∗-ring is weak group invertible if and
only if this element has group-EP decomposition.
However, the condition that R is a proper ∗-ring is a sufficient but not necessary
condition under which each element has at most one weak group inverse (see Example
3.8). This motivates us to study sufficient and necessary conditions under which each
element has at most one weak group inverse. In addition, it’s natural to consider the
conditions under which an element is weak group invertible.
Motivated by the idea of [10] and [23], we define the m-weak group inverse in R. Then
we give an equivalent definition of the m-weak group inverse. In addition, we consider the
relation between the m-weak group inverse and the (m + 1)-weak group inverse. Some
equivalent characterizations are given when the m-weak group inverse is equal to the
Drazin inverse.
The rest of this paper is organized as follows. In Section 2, we present some necessary
definitions and lemmas. In Section 3, we prove that each element in R has at most one weak
group inverse if and only if each idempotent element has a unique weak group inverse. In
addition, some equivalent characterizations of the weak group inverse are given. In Section
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4, we define the m-weak group inverse in a unitary ring with involution and present some
properties of m-weak group inverses.
2 Preliminaries
Recall that an element a ∈ R is said to be idempotent if a2 = a. The set of all idempotent
elements is denoted by idem(R). We will write aR = {ax : x ∈ R} and Ra = {xa : x ∈ R}.
Definition 2.1. [9] An element a ∈ R is left ∗-cancellable if a∗ax = a∗ay implies ax = ay,
it is right ∗-cancellable if xaa∗ = yaa∗ implies xa = ya, and ∗-cancellable if it is both left
and right ∗-cancellable. Moreover, R is a proper ∗-ring if and only if every element in R
is ∗-cancellable.
Definition 2.2. [4] Let a ∈ R. If there exist x ∈ R and k ∈ N+ such that
xak+1 = ak, xax = x, xa = ax,
then x is called the Drazin inverse of a. It is unique and denoted by aD when the Drazin
inverse exists. If k is the smallest positive integer such that above equations hold, then k
is the Drazin index of a and denoted by i(a) = k.
Definition 2.3. [7] Let a ∈ R. If there exist x ∈ R and k ∈ N+ such that
xak+1 = ak, ax2 = x, (ax)∗ = ax,
then x is called the pseudo core inverse of a. It is unique and denoted by aD© when the
pseudo core inverse exists.
Definition 2.4. [22] Let a ∈ R. If there exist x ∈ R and k ∈ N+ such that
xak+1 = ak, ax2 = x, (ak)∗a2x = (ak)∗a,
then x is called the weak group inverse of a. When the weak group inverse of a is unique,
it’s denoted by aW©.
The smallest positive integer k satisfying above equations is called the weak group
index of a for x and denoted by ind(a, x) = k. By the following Lemma 2.5, we can get
that a is Drazin invertible if a is weak group invertible. By a similar proof of Proposition
3.4 in [22], we have ind(a, x) = i(a). So, if y is another weak group inverse of a, we
have ind(a, x) = i(a) = ind(a, y). For this reason, the smallest positive integer k satisfying
above equations can be called the weak group index of a and denoted by ind(a) = k.
Lemma 2.5. [7] Let a ∈ R. If there exist x ∈ R and k ∈ N+such that
xak+1 = ak, ax2 = x,
then we have
(1) ax = amxm for arbitrary positive integer m;
(2) xax = x;
(3) a is Drazin invertible, aD = xk+1ak, and i(a) ≤ k.
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Corollary 2.6. Let a ∈ R. If there exist x ∈ R and k ∈ N+such that
xak+1 = ak, ax2 = x,
then we have
(1) aaDx = x ;
(2) (ax)2 = ax;
(3) axaD = aD .
Lemma 2.7. Let a, x ∈ R, if there exist three positive integers m,n, k such that
xak+1 = ak, ax2 = x, amxn = xnam,
then a is Drazin invertible and aD = x.
Proof. By Lemma 2.5, a is Drazin invertible. Then we have
xa = a(k+1)mn−1x(k+1)mna = am−1a((k+1)n−1)mx(k+1)mna
= am−1x(k+1)mna((k+1)n−1)ma = am−1x(k+1)mn−1a((k+1)n−1)m
= amx(k+1)mna((k+1)n−1)m = ama((k+1)n−1)mx(k+1)mn
= a(k+1)mnx(k+1)mn = ax.
It is easy to obtain that aD = x.
Lemma 2.8. Let g, e ∈ idem(R) and gR ⊆ eR. Then there exists f ∈ idem(R) such that
fR = eR and gf = g.
Proof. Taking f = g + (1− g)e, we have
f2 = g2 + g(1 − g)e+ (1− g)eg + (1− g)e(1 − g)e
= g + 0 + 0 + (1− g)(e − g)e
= g + (1− g)e = f.
So, f ∈ idem(R). By computation, we can get
fe = ge+ (1− g)e2 = e,
ef = eg + e(1 − g)e = g + (e− g)e = g + (1− g)e = f,
gf = g2 + g(1 − g)e = g.
Therefore, there exists f ∈ idem(R) such that fR = eR and gf = g.
Definition 2.9. [22] If R is a proper ∗-ring and a ∈ R. Then a = a1 + a2 is called the
group-EP decomposition of a, if the following conditions hold:
(1) a1 ∈ R
#;
(2) ak2 = 0, for some k ∈ N
+;
(3) a∗1a2 = a2a1 = 0.
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3 The existence and uniqueness of weak group inverse
In this section, we give sufficient and necessary conditions under which each element has
at most one weak group inverse. At first, we present some equivalent characterizations of
the weak group inverse.
Proposition 3.1. Let a ∈ R. Then a is weak group invertible if and only if a is Drazin
invertible and there exists f ∈ idem(R) such that fR = aaDR and (aD)∗af = (aD)∗a. In
this case, aDf is one of weak group inverses of a.
Proof. Suppose a is weak group invertible with ind(a) = k and x is one of weak group
inverses of a. By Lemma 2.5, a is Drazin invertible and (ax)2 = ax. Taking f = ax, we
have
faaD = axaaD = axak+1(aD)k+1 = aak(aD)k+1 = ak+1(aD)k+1 = aaD,
aaDf = aaDax = aaDak+1xk+1 = aakxk+1 = ak+1xk+1 = ax,
(aD)∗af = (aD)∗a2x = (ak(aD)k+1)∗a2x = ((aD)k+1)∗(ak)∗a2x
= ((aD)k+1)∗(ak)∗a = (ak(aD)k+1)∗a = (aD)∗a.
Therefore fR = aaDR and (aD)∗af = (aD)∗a.
Conversely, suppose a is Drazin invertible with i(a) = k. Taking y = aDf , we have
yak+1 = aDfak+1
= aDfaaDak+1
= aDaaDak+1
= ak,
ay2 = aaDfaDf = faDf
= faD(aaDf) = (faaD)aDf
= aaDaDf = y
and
(ak)∗a2y = (ak)∗a2aDf
= (aDak+1)∗af
= (ak+1)∗(aD)∗af
= (ak+1)∗(aD)∗a
= (ak)∗a.
Therefore a is weak group invertible.
Corollary 3.2. Let a ∈ R. Then a is weak group invertible if and only if a is Drazin
invertible and there exists g ∈ idem(R) ∩ aaDR such that (aD)∗ag = (aD)∗a.
Proof. Suppose a is weak group invertible. By Proposition 3.1, it’s obvious that there
exists g ∈ idem(R) ∩ aaDR such that (aD)∗ag = (aD)∗a.
Conversely, suppose there exists g ∈ idem(R)∩aaDR such that (aD)∗ag = (aD)∗a. Set
e = aaD. By Lemma 2.8, there exists f ∈ idem(R) such that fR = eR and gf = g. Then
we have (aD)∗af = ((aD)∗ag)f = (aD)∗ag = (aD)∗a. By Proposition 3.1, a is weak group
invertible.
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Corollary 3.3. Let a ∈ R. If a is Drazin invertible, then a has a unique weak group
inverse if and only if there exists a unique f ∈ idem(R) such that fR = aaDR and
(aD)∗af = (aD)∗a.
Proof. It’s obvious from the proof of Proposition 3.1.
The following proposition gives the equivalent condition which ensures that an element
in R has a unique weak group inverse.
Proposition 3.4. Let a ∈ R. If a is weak group invertible with ind(a) = k, then the
following conditions are equivalent:
(1) a has a unique weak group inverse;
(2) For any element x ∈ aaDR(1− aaD), if (aaD)∗x = 0, then x = 0.
Proof. (1) ⇒ (2): Suppose y is the unique weak group inverse of a, x ∈ aaDR(1 − aaD)
and (aaD)∗x = 0. By taking z = y + (aD)2x, we claim that z is also a weak group inverse
of a. Since x ∈ aaDR(1 − aaD), aaDx = x and xaD = x(1 − aaD)aD = 0. By Corollary
2.6, we have aaDy = y and ayaD = aD. Then we can get
zak+1 = (y + (aD)2x)ak+1
= ak + (aD)2xaaDak+1
= ak,
az2 = a(y2 + y(aD)2x+ (aD)2xy + ((aD)2x)2)
= a(y2 + y(aD)2x+ (aD)2xaaDy)
= a(y2 + y(aD)2x)
= y + ay(aD)2x
= y + (aD)2x = z
and
(ak)∗a2z = (ak)∗a2(y + (aD)2x)
= (ak)∗a+ (ak)∗a2(aD)2x
= (ak)∗a+ (ak)∗x
= (ak)∗a+ (aaDak)∗x
= (ak)∗a+ (ak)∗(aaD)∗x
= (ak)∗a.
Since a has a unique weak group inverse, y = z, that is, (aD)2x = 0. Then x = (aaD)2x =
a2(aD)2x = 0.
(2) ⇒ (1): Assume that y and z satisfy the conditions of definition of the weak group
inverse. By Corollary 2.6, we have aaDy = y and ayaD = aD and so is z. Taking
x = a2(y−z), we have aaDx = x and xaaD = 0. So x ∈ aaDR(1−aaD). By computation,
we can get
(aaD)∗x = (ak(aD)k)∗a2(y − z)
= ((aD)k)∗(ak)∗a2(y − z)
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= ((aD)k)∗(ak)∗a− ((aD)k)∗(ak)∗a = 0
Since x ∈ aaDR(1 − aaD) and (aaD)∗x = 0, x = 0, that is, a2y = a2z. Then we
have y = (aaD)2y = (aD)2a2y = (aD)2a2z = z. Therefore a has a unique weak group
inverse.
It is obvious that an idempotent element in R is weak group invertible. By Corollary
3.3 and Proposition 3.4, we can obtain the equivalent conditions which guarantee that
each element in R has at most one weak group inverse.
Theorem 3.5. The following conditions are equivalent:
(1) Each element in R has at most one weak group inverse;
(2) Each idempotent element in R has a unique weak group inverse;
(3) For any e, f ∈ idem(R), if eR = fR and e∗f = e∗e, then e = f ;
(4) For any e ∈ idem(R) and x ∈ R, if e∗ex(1 − e) = 0, then ex(1 − e) = 0.
Proof. (1)⇒ (2): Obvious.
(2) ⇒ (3): Suppose that e, f ∈ idem(R), eR = fR and e∗f = e∗e. By Corollary3.3, we
can easily get e = f .
(3) ⇒ (4): Suppose e ∈ idem(R), x ∈ R and e∗ex(1 − e) = 0. Taking f = e − ex(1 − e),
we have f2 = f , ef = f , fe = e and e∗f = e∗e. So, f ∈ idem(R) and eR = fR. By the
condition (3), we have e = f , that is, ex(1− e) = 0.
(4)⇒ (1): Suppose a ∈ R is weak group invertible. By the condition (4), we can get that
if (aaD)∗x = 0, then x = 0 for any x ∈ aaDR(1−aaD). By Proposition 3.4, a has a unique
weak group inverse.
Now, we give an example to show the application of Theorem 3.5.
Example 3.6. Let R = M2(C). Taking the involution is transpose. Set A =
(
1 0
i 0
)
and B =
(
0 1
0 0
)
. Since A2 = A, A∗AB(E − A) = 0 and AB(E − A) 6= 0, R is not a
weak proper ∗-ring by Theorem 3.5. In fact, it is easy to verify that X1 =
(
1 0
i 0
)
and
X2 =
(
0 −i
0 1
)
are two weak group inverses of A.
If each element in R has at most one weak group inverse, R is called weak proper
∗-ring.
Corollary 3.7. If each idempotent element in R is left ∗-cancellable, then R is a weak
proper ∗-ring.
The following example shows that an idempotent element in a weak proper ∗-ring may
not be left ∗-cancellable. In addition, this example shows that R is a weak proper ∗-ring,
but R is not a proper ∗-ring.
Example 3.8. Let G = {e, a, b, c} be a non-cyclic group. Let R = Z3G with an involution,
where (x1e+ x2a+ x3b+ x4c)
∗ = x1e+ x2b+ x3a+ x4c. Since R is a commutative ring,
R is a weak proper ∗-ring. Since (2e+ a)∗(2e+ a)(2e+2b) = 0 and (2e+ a)(2e+2b) 6= 0,
(2e+ a)2 = 2e+ a is not left ∗-cancellable. Also, R is not a proper ∗-ring.
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Example 3.9. Let R = R× R with an involution, where (a, b)∗ = (b, a) for any a, b ∈ R.
Since R is a commutative ring, R is a weak proper ∗-ring. Set e = (1, 0). Since e∗e = 0
and e 6= 0, e = e2 is not left ∗-cancellable. That is, an idempotent element in a weak
proper ∗-ring may not be left ∗-cancellable.
The following example shows that when each idempotent element in R is left ∗-
cancellable, R may not be a proper ∗-ring.
Example 3.10. Let R = Z4 with an involution, where a
∗ = a for any a ∈ R. Since
2∗× 2 = 0 and 2 6= 0, R is not a proper ∗-ring. It is obvious that each idempotent element
in R is left ∗-cancellable.
Now, we can give an existence criteria for weak group inverses in a ring where each
idempotent element is left ∗-cancellable.
Proposition 3.11. If each idempotent element in R is left ∗-cancellable and a ∈ R is
Drazin invertible with i(a) = k, then a is weak group invertible if and only if there exists
x ∈ R such that (aD)∗a = (aD)∗aDx. In this case, aW© = (aD)3x.
Proof. Suppose a is weak group invertible. Taking x = a3aW©, by Corollary 2.6 we have
(aD)∗aDx = (aD)∗aDa3aW©
= (aD)∗a2aW©
= (ak(aD)k+1)∗a2aW©
= ((aD)k+1)∗(ak)∗a2aW©
= ((aD)k+1)∗(ak)∗a
= (aD)∗a.
Therefore there exists x ∈ R such that (aD)∗a = (aD)∗aDx.
Conversely, if there exists x ∈ R such that (aD)∗a = (aD)∗aDx. Since (aD)∗a =
(aD)∗aDx, (aaD)∗aaD = (aaD)∗aaD(aDxaD). Because each idempotent element in R is
left ∗-cancellable, aaD = aDxaD. Taking y = (aD)3x, we have
yak+1 = (aD)3xak+1
= (aD)3xaDak+2
= (aD)2aaDak+2
= ak,
ay2 = a(aD)3x(aD)3x
= a(aD)2aaD(aD)2x
= (aD)3x = y
and
(ak)∗a2y = (ak)∗aDx
= (aDak+1)∗aDx
= (ak+1)∗(aD)∗aDx
= (ak+1)∗(aD)∗a
= (ak)∗a.
Therefore a is weak group invertible.
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Zhou et al. [22] proved that an element in a proper ∗-ring is weak group invertible if
and only if this element has group-EP decomposition. We now generalize the group-EP
decomposition to weak proper ∗-rings.
Definition 3.12. If R is a weak proper ∗-ring. Let a ∈ R. Then a = a1+ a2 is called the
group-EP decomposition of a, if the following conditions hold:
(1) a1 ∈ R
#;
(2) ak2 = 0, for some k ∈ N
+;
(3) a∗1a2 = a2a1 = 0.
Theorem 3.13. If R is a weak proper ∗-ring. Let a ∈ R. Then a is weak group invertible
if and only if a has group-EP decomposition.
Proof. Suppose aW© exists with ind(a) = k. Set a1 = a
2aW© and a2 = a−a
2aW©. By a similar
proof of Theorem 4.2 in [22], we have a2a1 = a
∗
1a2 = 0 and a1 is group invertible. Now, we
only need to prove ak2 = 0. By induction, we have a
k
2 = (a−a
2aW©)k = ak−a2aW©ak−1. Then
we can get aaDak2 = a
k
2 and a
k
2(1 − aa
D) = ak2 by Corollary 2.6. So a
k
2 ∈ aa
DR(1− aaD).
Then we have
(aaD)∗ak2 = (aa
D)∗(ak − a2aW©ak−1)
= (ak(aD)k)∗(ak − a2aW©ak−1)
= ((aD)k)∗((ak)∗ak − (ak)∗a2aW©ak−1)
= 0
By Theorem 3.5, we can get ak2 = 0.
Conversely, it’s similar to the proof in [22].
Theorem 3.14. If R is a weak proper ∗-ring, then the group-EP decomposition in R is
unique.
Proof. It is similar to the proof in [22].
4 m-weak group inverse
In this section, we stipulate that a0 = 1 for any a ∈ R. Then we present the definition of
the m-weak group inverse.
Definition 4.1. Let a ∈ R and m ∈ N. If there exist x ∈ R and k ∈ N+ such that
(i) xak+1 = ak, (ii) ax2 = x, (iii) (ak)∗am+1x = (ak)∗am,
then x is called the m-weak group inverse of a. When the m-weak group inverse of a is
unique, it’s denoted by aW©m.
By Lemma 2.5, if a is m-weak group invertible, then a is Drazin invertible. If a is
Drazin invertible with i(a) = k, then a is (k + s)-weak group invertible for any s ∈ N and
aD is one of (m + s)-weak group inverses of a. When a is m-weak group invertible, the
m-weak group inverse of a may not be unique. We can define the m-weak group index
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which is similar to the weak group index. The smallest positive integer k satisfying Eqs.
(i)-(iii) can be called the m-weak group index of a and denoted by indm(a) = k. In addi-
tion, we have indm(a) = i(a) if a is m-weak group invertible. Then, we can give another
equivalent definition of the m-weak group inverse in the following.
Proposition 4.2. Let a ∈ R and m ∈ N. Then a is m-weak group invertible if and only
if there exist x ∈ R and k ∈ N+ such that
(i) xak+1 = ak, (ii) ax2 = x, (iv) ((am)∗am+1x)∗ = (am)∗am+1x.
Proof. If there exist x ∈ R and k ∈ N+ satisfying Eqs. (i), (ii), (iii), then we have
((am)∗am+1x)∗ = ((am)∗am+1+kxk+1)∗
= (am+1+kxk+1)∗am
= (am+1+kxk+1)∗am+1x
= (am+1x)∗am+1x
Therefore ((am)∗am+1x)∗ = (am)∗am+1x.
Conversely, if there exist x ∈ R and k ∈ N+ satisfying Eqs. (i), (ii), (iv), then we have
(ak)∗am+1x = (xak+1)∗am+1x
= (amxm+1ak+1)∗am+1x
= (xm+1ak+1)∗(am)∗am+1x
= (xm+1ak+1)∗((am)∗am+1x)∗
= ((am)∗am+1xm+2ak+1)∗
= ((am)∗xak+1)∗
= (ak)∗am.
Corollary 4.3. Let a ∈ R. Then a is pseudo core invertible if and only if a is 0-weak
group invertible. a has at most one 0-weak group inverse. In this case, aD© = aW©0.
Corollary 4.4. Let a ∈ R. Then a is weak group invertible if and only if a is 1-weak
group invertible.
According to Proposition 4.2, we present another equivalent definition of the weak
group inverse.
Corollary 4.5. Let a ∈ R. Then a is weak group invertible if and only if there exist x ∈ R
and k ∈ N+ such that
(i) xak+1 = ak, (ii) ax2 = x, (iv) (a∗a2x)∗ = a∗a2x,
.
Proposition 4.6. Let a ∈ R and m ∈ N+. Then a is m-weak group invertible if and only
if am is weak group invertible.
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Proof. Suppose there exist x ∈ R and k ∈ N+ satisfying Eqs. (i), (ii), (iii). Taking y = xm,
we have
y(am)k+1 = xm(am)k+1 = (am)k,
amy2 = amx2m = xm = y
and
((am)k)∗(am)2y = ((am)k)∗a2mxm
= ((am)k)∗am+1x
= ((am)k)∗am.
So, am is weak group invertible.
Conversely, suppose y is one of weak group inverses of am with ind(a) = k. Taking
x = am−1y, we have
xam(k+1)+1 = am−1yam(k+1)+1
= am−1amk+1 = am(k+1),
ax2 = a2m−1y2 = am−1y = x
and
(am(k+1))∗am+1x = (am(k+1))∗a2my
= ((am(k+1))∗am.
So, a is m-weak group invertible by Definition 4.1.
The following example and proposition show the relation between the m-weak group
inverse and the (m+ 1)-weak group inverse.
Example 4.7. Let R =M4(Z), where Z denotes the set of all integers. Taking the involu-
tion is transpose. It is obvious that R is a proper ∗-ring. Set A =


1 0 0 0
1 0 1 0
0 0 0 2
0 0 0 0

. By com-
putation, we have A2 =


1 0 0 0
1 0 0 2
0 0 0 0
0 0 0 0

 and AD = (A2)D =


1 0 0 0
1 0 0 0
0 0 0 0
0 0 0 0

 with i(A) = 3
and i(A2) = 2. Since (AD)TA 6∈ (AD)TADR and ((A2)D)TA2 ∈ ((A2)D)T(A2)DR, we can
get that A2 is weak group invertible but A is not weak group invertible by Proposition 3.11.
According to Proposition 4.6, we have A is 2-weak group invertible but is not 1-weak group
invertible.
Proposition 4.8. Let a ∈ R and m ∈ N. If a is m-weak group invertible and x ∈ R is
one of m-weak group inverses of a, then a is (m+1)-weak group invertible and x2a is one
of (m+ 1)-weak group inverses of a.
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Proof. Suppose x is one of m-weak group inverses of a with indm(a) = k. Taking y = x
2a,
we have
yak+1 = x2ak+2 = ak,
ay2 = ax2ax2a = x2a = y
and
(ak)∗am+2y = (ak)∗am+2x2a
= (ak)∗am+1xa
= (ak)∗am+1.
So, a is (m + 1)-weak group invertible and x2a is one of (m + 1)-weak group inverses of
a.
Corollary 4.9. Let a ∈ R and m, s ∈ N. If a is m-weak group invertible and x ∈ R is
one of m-weak group inverses of a, then a is (m+ s)-weak group invertible and xs+1as is
one of (m+ s)-weak group inverses of a.
The following proposition gives the equivalent condition which guarantees that an
element in R has a unique m-weak group inverse.
Proposition 4.10. Let a ∈ R and integers m,n satisfy 0 < m < n. If a is m-weak group
invertible, then the following conditions are equivalent:
(1) a has a unique m-weak group inverse;
(2) For any element x ∈ aaDR(1− aaD), if (aaD)∗x = 0, then x = 0;
(3) a has a unique n-weak group inverse.
Proof. It is similar to the proof in Proposition 3.4.
Corollary 4.11. Let a ∈ R and m ∈ N+. If a is pseudo core invertible, then a has a
unique m-weak group inverse.
Proposition 4.12. Let m ∈ N+. Then each element in R has at most one m-weak group
inverse if and only if R is a weak proper ∗-ring.
Proof. It is similar to the proof in Theorem 3.5.
Some equivalent characterizations are presented in the following theorem when the
m-weak group inverse is equal to the Drazin inverse.
Theorem 4.13. Let a ∈ R and integers m,n satisfy 0 ≤ m < n. If a has a unique m-weak
group inverse, then the following conditions are equivalent:
(1) aW©ma = aaW©m;
(2) (an)W© = (aW©m)n;
(3) aW©m = aW©n;
(4) aW©m = aD.
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Proof. (1)⇒ (2): Since aW©ma = aaW©m , by Corollary 4.9 we have
aW©n = (aW©m)n−m+1an−m = an−m(aW©m)n−m+1 = aW©m .
Then by Proposition 4.6, we have (an)W© = (aW©n)n = (aW©m)n.
(2)⇒ (3): By Proposition 4.6, we have (an)W© = (aW©n)n. Then we have
aW©m = an−1(aW©m)n = an−1(an)W© = an−1(aW©n)n = aW©n .
(3)⇒ (4): By Corollary 4.9, we have aW©n = (aW©m)n−m+1an−m. Then we can get
an−m(aW©m)n−m+1 = aW©m = aW©n = (aW©m)n−m+1an−m.
By Lemma 2.7, it is easy to obtain that aW©m = aD.
(4)⇒ (1): Obvious.
Corollary 4.14. Let a ∈ R and m,n ∈ N+. If a is pseudo core invertible, then the
following conditions are equivalent:
(1) aD©a = aaD©;
(2) (am)W© = (aD©)m;
(3) aD© = aW©m ;
(4) aD© = aD;
(5) (aD©)man = an(aD©)m.
Proof. It is obvious by Lemma 2.7 and Theorem 4.13.
Corollary 4.15. Let a ∈ R, m,n, k ∈ N+ and k ≥ 2. If a has a unique weak group
inverse, then the following conditions are equivalent:
(1) aW©a = aaW©;
(2) (ak)W© = (aW©)k;
(3) aW© = aW©k ;
(4) aW© = aD;
(5) (aW©)man = an(aW©)m.
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